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Abstract

Numerical simulations are conducted of two-dimensional exothermic reacting mixing layers laden with

liquid fuel droplets. An irreversible reaction of the form Fuelþ rOxidizer ! ð1þ rÞProductsþ Heat with
Arrhenius kinetics is considered where the fuel species consists of both a gaseous fuel stream and liquid fuel

droplets. A variety of configurations are simulated including cases for which the droplet species and/or the
carrier fuel is either reacting or non-reacting. The droplets are tracked individually in the Lagrangian

reference frame while the compressible form of the Navier–Stokes equations together with transport

equations for all species govern the gas phase. The simulation parameters study the effects of the fuel

composition, reaction stoichiometry, mass loading ratio, droplet Stokes number and the flow forcing

amplitude. The simulations reveal that non-reacting carrier fuel configurations fail to achieve robust

combustion, suggesting the primary role of carrier gas fuel to the reaction. Local flame extinction is

markedly increased for non-reacting fuel droplets due to latent heat effects. In contrast, liquid droplets

which contribute fuel to the reaction overcome the associated latent heat effects and show a relatively
robust reaction with minimal local extinction.

� 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Due to the large occurrence in a variety of natural and practical applications, multiphase tur-
bulent combustion has attracted significant engineering interest. These applications include liquid
fueled combustors, liquid fuel injected combustion engines, solid propellant combustion and fire
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suppression and control. All of these situations involve a dispersed phase species which consid-
erably affects the thermochemical nature of the surrounding carrier gas flow. Fuel droplets and
solid particle propellants are two examples of important dispersed phase species in combustion.
The evaporation of fuel droplets largely determines the distribution of the combustible gaseous
fuel/air mixture. Therefore, mixing and evaporation processes in liquid fuel spray combustors have
marked affects on ignition characteristics. These situations involve a large number of discrete fuel
droplets convecting and vaporizing in a continuous gas phase species, and their mathematical
description involves complex non-linear couplings of momentum, energy and mass exchange.

The present effort is a numerical investigation of gaseous non-premixed turbulent flames laden
with reacting discrete liquid fuel droplets. The ‘‘Eulerian–Lagrangian’’ approach is adopted
wherein every individual particle or droplet is tracked in a time accurate manner in a Lagrangian
reference frame, whereas the gas phase flow variables are solved in the traditional Eulerian ref-
erence frame. We restrict the discussion to cases for which the dispersed phase: (1) has a relatively
small and negligible volume fraction, (2) is composed of discrete, non-connected and approxi-
mately spherical droplets, (3) has negligible effects due to droplet collisions, breakup and co-
alescence and (4) chemical reactions are assumed to result in ‘‘cluster burning’’ in the gas phase;
not in isolated flames surrounding individual droplets.

Significant insight has been gained into the evolution of both homogeneous and non-homo-
geneous particle-laden turbulent flows based on early experimental, theoretical and computational
methods. In particular, the mixing layer formed by the merging of parallel flowing fluid streams
remains one of the classic flow geometries for fundamental studies of turbulent mixing and
combustion. These turbulent shear flows are characterized by large scale organized vortical
structures which substantially affect the dispersed phase dynamics. Early investigations into the
evolution of mixing layers show that the large scale stream and spanwise vortical structures
(Winant and Browand, 1974; Brown and Roshko, 1974) play a dominant role in the development
of the layer and its transition to turbulence (Huang and Ho, 1990; Moser and Rogers, 1991).
Experimental measurements of particle dispersion in non-homogeneous free shear layers have
shown that the particle concentration field is well correlated with the large scale vortical structures
in these flows (Lazaro and Lasheras, 1989). Chein and Chung (1987) studied the effects of vortex
pairing on solid particle dispersion in a planar shear layer.

It is well understood that solid particles tend to be centrifuged away from the high vorticity
regions and migrate into high strain regions of the mixing layer (Squires and Eaton, 1991). This
phenomena is referred to as ‘‘preferential concentration’’ and has been observed for a wide variety
of flow configurations (Eaton and Fessler, 1994). The extent to which preferential concentration
occurs depends primarily on the Stokes number (ratio of particle time constant to eddy turnover
time scale). It has been observed that the particle dispersion is maximized for ‘‘intermediate’’
Stokes numbers near unity. Very small particles (St� 1) closely follow fluid motions and behave
essentially as fluid elements, whereas large particles (St � 1) are predominantly unaffected by the
flow owing to inertial dominance (Wen et al., 1992; Martin and Meiburg, 1994; Elghobashi, 1994).

Solid particle flows can be described as either ‘‘one-way’’ coupled, when the dispersed phase
mass loading is small and the flow remains essentially unaltered by the particles, or as ‘‘two-way’’
coupled when the loading is increased to the point at which the particles modulate the flow
primarily through integrated particle drag effects (Elghobashi and Truesdell, 1993). The majority
of previous investigations have concentrated on one-way coupled flows owing to the combined
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numerical difficulties of calculating the phase coupling terms and tracking sufficiently large
number of particles in two-way coupled flows. Exceptions include Meiburg et al. (2000) who
numerically investigated the solid particle-laden mixing layer finding strongest two-way coupling
effects for intermediate Stokes numbers. The majority of simulations for two-way coupled solid
particle flows have been performed for homogeneous turbulence (Boivin et al., 1998; Squires and
Eaton, 1990; Elghobashi and Truesdell, 1993; Squires and Eaton, 1994; Truesdell and Elghobashi,
1994; Maxey et al., 1997; Sundaram and Collins, 1999).

In addition to the drag force which predominantly governs phase coupling in solid particle
flows. turbulence modulation in evaporating droplet flows is also governed by both mass and
thermal energy exchange between the gas and liquid phases. Furthermore, the droplet time
constant is a function of both time and space. This may significantly alter the overall preferential
concentration and turbulence modulation for evaporating droplets relative to the analogous ef-
fects observed for solid particles. Mashayek (1998a,b) conducted simulations of both isotropic
and homogeneous shear box turbulence with two-way coupled liquid droplets. Miller and Bellan
(1998, 1999, 2000) extended two-way coupled simulations to non-homogeneous flows simulating a
three-dimensional (3D) planar mixing layer having one stream laden with evaporating hydro-
carbon droplets. Their study shows that the droplet laden stream reaches a state of saturation due
to the combined effects of gas cooling and growth of the evaporated vapor mass fraction.
However, the evaporation of the droplets inside the mixing layer proceeds to completion because
of the presence of the higher temperature, low vapor content, fluid from the non-laden stream.

The above mentioned citations have only studied non-reacting flows. The extent of research on
reacting two-phase flows is more limited, and has typically been focussed on experimental studies.
Wakabayashi et al. (1998) observed the detailed structure of a laminar spray flame in two-
dimensional (2D) counterflow configuration using particle tracking velocimetry to observe the
Lagrangian behavior of evaporating and combusting droplets across the spray flame. An ex-
perimental system was designed by Karpetis and Gomez (2000) recently for the study of well
defined turbulent non-premixed spray flames using a variety of complementary diagnostic tech-
niques including phase Doppler interferometric techniques and Raman spectroscopy. In contrast,
simulations of two-phase reacting flows have received considerably less attention. Miller and
Bellan (1998) investigated an infinitely fast adiabatic reaction based on a passive conserved scalar
mixture fraction in the context of analyzing the validity of the assumed PDF method for two-
phase combustion. Smith et al. (1998) proposed a conditional moment closure model for reacting
particles in turbulent non-premixed combustion using a pseudo-spectral solution technique for
forced isotropic turbulent flow to validate the model. Mashayek (2000) extended their earlier
simulations to simulate reacting homogeneous shear turbulence. In this case, fuel droplets are
immersed in a carrier gas oxidizer and a simple chemical reaction of the form Fuelþ
Oxidizer! Products was employed. Miller (2001) recently investigated the effects of non-reacting
solid particle and liquid droplet loading on an exothermic reacting mixing layer. Both streams
were laden with either particles or droplets and a simple chemical reaction of the form
Fuelþ rOxidizer ! ð1þ rÞProducts was considered. Results from these studies illustrate the effects
of the mass loading ratio, the initial droplet time constant, and several thermodynamic droplet
parameters on the turbulence evolution.

The primary objective of the present investigation is to conduct numerical simulations to in-
vestigate the complex couplings of turbulent flames with a reacting dispersed phase in the form of
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evaporating fuel droplets in a turbulent combusting environment. The effects of liquid/gas fuel
composition, flow forcing, dispersed phase mass loading, droplet size, and the reaction stoi-
chiometric coefficient are considered. Following the approach of Miller (2001) a 2D temporally
developing mixing layer is considered as a model flow representative of turbulent reacting flows
due to the unrealistically large computer resources that would be required to capture transition to
turbulence in a 3D reacting two-phase mixing layer. Although vortex stretching is not present in
the 2D model flows, the qualitative effects of droplet interactions with a highly convoluted flame
front, droplet evaporation, preferential concentration, local flame extinction, and vortex pairing,
remain intact in the 2D simulations, and the assumption is therefore not considered to signifi-
cantly impact the results or their interpretation. The paper is organized as follows: The formu-
lation and mixing layer configuration are described in Section 2. The computational approach and
flow parameters are the topic of discussion of Section 3. Results from the simulations are pre-
sented in Section 4, which includes subsections addressing flow visualization, effects of fuel
composition, the dispersed phase mass loading ratio, the initial Stokes number, the stoichiometric
coefficient and the forcing amplitude. Conclusions are provided in Section 5.

2. Formulation

The Lagrangian transport of evaporating droplets through a continuous, calorically perfect and
chemically reacting carrier gas flow is characterized by the following governing equations. The
two-phase flow formulation has been presented previously, and will therefore only be summarized
here: The reader may refer to Miller and Bellan (1999) and Miller (2001) for additional details. All
flows considered for the present investigation are two-dimensional (2D). The subscripts F, O, P
and V refer to the gaseous fuel, oxidizer, product and evaporated vapor species, respectively.
Subscript G refers to the multispecies gas phase mixture, and subscript L denotes the liquid
(droplet) phase. The compressible form of the governing equations for the gas phase are:

oq
ot

þ o

oxj
½quj� ¼ SI; ð1Þ

o

ot
ðquiÞ þ

o

oxj
½quiuj þ Pdij 
 sij� ¼ SII;i; ð2Þ

o

ot
ðqetÞ þ

o

oxj
ðqet

�
þ P Þuj 
 k

oT
oxj


 uisij
�
¼ SIII 
 _xxP DH 0; ð3Þ

P ¼ q
X

a

½R0=Wa�T ; ð4Þ

where q is the gas phase density, ui, is the gas phase velocity, P is the thermodynamic pressure,
et ¼ eþ uiui=2 is the total gas energy where e is the internal energy, the universal gas constant is
R0, l is the viscosity, and k is the thermal conductivity. The right-hand side terms, SI, SII;i and SIII
describe the phase couplings of mass, momentum and energy, respectively, and are discussed
below. All gaseous species are assumed to obey the ideal gas law (Eq. (4)) over the range of
thermodynamic conditions investigated.
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An irreversible and exothermic reaction of the form Fuelþ rOxidizer! ð1þ rÞProducts is
considered through the solution of transport equations for the mass fractions (Yc) of the oxidizer
(c ¼ O), fuel (c ¼ F), product (c ¼ P), and evaporated vapor (c ¼ V):

o

ot
ðqYcÞ þ

o

oxj
qYcuj

�

 qC

oYc

oxj

�
¼ _xxc þ SI;c; ð5Þ

where C is the Fickian species diffusion coefficient. Note that separate transport equations are
solved for the original carrier gas fuel and evaporated fuel vapor allowing for the distinction of
fuel originating from droplets. The phase coupling term SI;c is discussed below. The chemical
kinetics are based on the Arrhenius form of the reaction rate ( _xxc):

_xxO ¼ 
rqKRðT Þ
WP

WF

� �
YOYF; ð6Þ

_xxF ¼ 
qKRðT Þ
WP

WO

� �
YOYF; ð7Þ

_xxP ¼ þð1þ rÞqKRðT Þ
WP

WF

� �
WP

WO

� �
YOYF; ð8Þ

with temperature dependent reaction coefficient: KRðT Þ ¼ A0 exp½
E0=ðR0T Þ�, where E0 is the
activation energy, A0 is the reaction rate constant, and Wc is the molecular weight of species c.

Based on the findings of Miller et al. (1998), the droplet evolution is assumed to obey a variant
of the classical ‘‘D2 law’’. The transient position (Xi), velocity (vi), temperature (Td) and mass (md)
of a single droplet are described by the modeled Lagrangian equations as:

dXi
dt

¼ vi; ð9Þ

dvi
dt

¼ Fi
md

; with Fi ¼ md

f1
sd

� �
ðui 
 viÞ; ð10Þ

dTd
dt

¼ Qþ _mmdLV
mdCL

; with Q ¼ md

f2
sd

� �
NuCp;G
3PrG

� �
ðT 
 TdÞ; ð11Þ

dmd

dt
¼ _mmd ¼ 
md

1

sd

� �
Sh

3ScG

� �
ln½1þ BM�; ð12Þ

where Fi is the modified Stokes drag force, Q is the heat flux to the surroundings, the subscript d
denotes individual droplet conditions, the droplet time constant for Stokes flow is sd ¼
qLD

2=ð18lÞ, D is the droplet diameter, CL is the heat capacity of the liquid, and the latent heat of
evaporation is LV. A mass averaging is used to calculate the gas mixture heat capacity; Cp;G ¼P

a YaCp;a (evaluated at droplet locations). For the gas phase, the Prandtl and Schmidt numbers
are PrG ¼ lCp;G=k and ScG ¼ l=ðqCÞ, respectively. The Nusselt (Nu) and Sherwood (Sh) numbers
are modified for finite Reynolds number effects based on the semi-empirical Ranz–Marshall
correlations:

Nu ¼ 2þ 0:552Re1=2d Pr1=3G ; Sh ¼ 2þ 0:552Re1=2d Sc1=3G : ð13Þ
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The evaporation rate is driven by the mass transfer number; BM ¼ ðYsf 
 YVÞ=ð1
 YsfÞ (subscript
sf denotes droplet surface conditions). The Stokes drag is empirically corrected for finite droplet
Reynolds numbers and evaporation (Miller et al., 1998) through f1 defined as:

f1 ¼
1þ 0:0545Red þ 0:1Re1=2d ð1
 0:03RedÞ

1þ ajRebjb
; ð14Þ

a ¼ 0:09þ 0:077 expð
0:4RedÞ; b ¼ 0:4þ 0:77 expð
0:04RedÞ; ð15Þ
where Red ¼ qGusD=lG is related to the slip velocity, and Reb ¼ qGubD=lG is related to the
blowing velocity. us ¼ jui 
 vij is the slip velocity magnitude, and ub is obtained from the relation
_mmd ¼ pqGD

2ub.
The function f2 ¼ b=ðeb 
 1Þ is an analytical evaporative heat transfer correction, where the

non-dimensional evaporation parameter, b ¼ 
1:5PrG sd _mmd=md, is constant for droplets obeying
the ‘‘D2 law.’’ The vapor surface mass fraction is calculated directly from the surface molar
fraction (vsf ) which is obtained by equating the vapor and liquid fugacities at the surface (i.e.
vsfP ¼ Psat), where the Clausius–Clapeyron relation provides the saturation pressure (Psat) as:

Ysf ¼
vsf

vsf þ ð1
 vsfÞWG=WV

; vsf ¼
Patm
P

exp
LV
RV

1

TB;L

��

 1

Td

��
; ð16Þ

where Patm is standard atmospheric pressure, TB;L is the saturation temperature at Patm (i.e. the
normal boiling temperature) and the latent heat is a linear function of temperature for calorically
perfect species: LV ¼ h0V 
 ðCL 
 Cp;VÞTd where h0V is the vapor reference enthalpy.

The above formulation leads to the phase coupling terms expressed as:

SI ¼ 

X

a

wa

Dx1 Dx2 Dx03
½ _mmd�a

� �
; ð17Þ

SII;i ¼ 

X

a

wa

Dx1Dx2Dx03
½Fi

�
þ _mmdvi�a

�
; ð18Þ

SIII ¼ 

X

a

wa

Dx1 Dx2Dx03
viFi
h�

þ Qþ _mmd

vivi
2

n
þ hV;sf

oi
a

�
; ð19Þ

where the summations are over local individual droplet contributions, hV;sf ¼ Cp;VTd þ h0V is the
evaporated vapor enthalpy at the droplet surface, and the single droplet evaporation rate ( _mmd),
drag force (Fi) and heat transfer rate (Q) are specified by Eqs. (10)–(12). The local summations are
over all droplets residing within a local numerical discretization element (Dx1 Dx2; for 2D). A
geometrical weighting factor, wa, is employed to distribute the individual droplet contributions to
the four nearest neighbor surrounding grid points. A characteristic length in the hypothetical x3
direction (Dx03) is specified to define the source terms on a per unit volume basis since the droplets
are modeled as spherical entities and not as cross sections of infinitely long cylinders (see below).
A conservative operator is further used to minimally smooth the source terms to retain numerical
stability of the Eulerian gas phase equations (Miller and Bellan, 1999). In addition, the 2D
simulations allow for a relatively very fine grid resolution aimed at keeping even the smoothed
source fields local to the originating droplets.
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2.1. Temporally developing mixing layer configuration

The flow configuration considered is that of a 2D temporally developing mixing layer. Fig. 1
shows a schematic of the simulation domain used in the present investigation. The streamwise (x1)
and cross stream (x2) domain lengths are L1 and L2, respectively. Stream 1 (x2 > 0) is composed of
pure oxidizer, whereas Stream 2 (x2 < 0) is pure fuel. Stream 2 is uniformly laden with droplets for
all two-phase simulations. The initial vorticity thickness is dx;0, where dxðtÞ ¼ DU0hou1=ox2imax;
the brackets h i indicate averaging over the homogeneous x1 direction and the mean velocity
difference across the layer, DU0 ¼ U1 
 U2, is calculated from a specified value of the convective
Mach number (Mc) (Papamoschou and Roshko, 1988).

The base flow mean velocity, mass fraction, temperature and number density are specified
based on an error function profile; erfðp1=2x2=dx;0Þ (Moser and Rogers, 1991). A constant initial
temperature is chosen in each stream as T ¼ T0, the saturation temperature of the fuel; however, a
temperature ‘‘spike’’ is added at the centerline to ignite the flame. The peak spiked temperature is
denoted as TF;0. The fuel and oxidizer species are kept completely segregated in the initial profiles
through the addition of a thin layer of product species to prevent an overly fast initial reaction
and to allow diffusional mixing of reactants. For all cases, the evaporated vapor mass fraction, YV,
is initially zero everywhere. For ‘‘forced’’ simulations, perturbations are added to the velocity field
in order to excite the growth of spanwise disturbances (see below). This results in as many as four
primary vortex pairing events during a simulation, thereby allowing a more natural development
of the mixing layer as compared to early times when the initial conditions are expected to have a
stronger influence on the flow dynamics.

3. Numerical approach

The numerical solution procedure uses a fourth order explicit Runge–Kutta temporal inte-
gration for all time derivatives. Spatial derivatives are discretized using an explicit eighth-order

Fig. 1. Schematic of the two-phase temporally developing mixing layer configuration.
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accurate central finite-difference scheme in the streamwise direction (x1), and by a fourth order
accurate tridiagonal compact finite difference in the cross stream direction (x2) (Kennedy and
Carpenter, 1994). The computational grid is uniformly spaced with constant Dx1 ¼ Dx2. A fourth
order Lagrange interpolation procedure is employed to obtain gas phase variable values at droplet
locations as the droplets, in general, do not reside at grid point locations. The streamwise di-
rection employs periodic boundary conditions, whereas adiabatic slip wall conditions are main-
tained for the x2 domain boundaries. The choice of employing the slip wall boundary condition
both eliminates the treatment of droplets entering and exiting the domain, and simplifies the
confirmation of mass and energy conservation used for code validation. Droplets interacting with
the walls are assumed to undergo an elastic collision. Although this assumption is overly simplistic
for real droplets the walls are away from the primary flow regions of interest where little or no
evaporation is occurring, and the effects of the assumption are deemed negligible to the results of
the study.

The domain chosen for all the simulations has L1 ¼ 8k1 ¼ 58:32dx;0 and L2 ¼ 1:125L1, where k1

is the smallest forcing wavelength in the x1 direction. Sinusoidal velocity perturbations are su-
perimposed on the base flow profile having wavelengths L1, L1=2, L1=4 and L1=8. The disturbances
are generated as a spanwise vorticity distribution of the form x3 ¼ 


P4

m¼1 f ðx2Þj �
Am sinð2px1=ð2mk1ÞÞj, where the cross stream weighting is given by f ðx2Þ ¼ expð
px22=d

2
x;0Þ, and the

relative amplitudes of the harmonics are A1 ¼ 1, A2 ¼ 0:5, and A3 ¼ A4 ¼ 0:35. The appropriate
Poisson equation is then solved to give the corresponding velocity disturbance distribution. The
non-dimensional forcing amplitude (F �

2D) is characterized by the spanwise circulation of the dis-
turbance relative to the base flow circulation (k1 DU0). The imposed disturbances instigate the
development of eight initial vortices together with four pairing events prior to the non-physical
intervention of the domain boundaries.

The code is parallelized in both directions using the Message Passing Interface communication
routines. The Courant number, C, for the single phase simulation is C ¼ 0:5, whereas two-phase
simulations employ C ¼ 0:25 in order to ensure that the transient vaporization is well resolved
temporally.

3.1. Properties and non-dimensional parameters

Table 1 presents the properties of each of the species under consideration; fuel, oxidizer,
product, evaporated vapor, as well as the liquid species comprising the dispersed phase. The fuel
gas and the droplets have the same properties for both non-reacting and fuel droplets. The above
species properties are chosen to model a typical air-hydrocarbon diffusion flame. The oxidizer
species has properties corresponding to those of air, the fuel species corresponds to decane, and
the product species properties are determined from mass and energy balances based on the re-
action Fuelþ rOxidizer ! ð1þ rÞProducts. All species are assumed to be calorically perfect and to
have the same constant diffusivity C.

Several non-dimensional parameters are introduced in the formulation. The flow Reynolds
number is given as Re0 ¼ qDU0dx;0=l. The initial droplet distribution is monodisperse with the
uniform size specified by the initial Stokes number St0 ¼ sd;0 DU0=dx;0. Only the lower stream (fuel
gas) is loaded with droplets. For a constant density stream with uniform mass droplets the mass
loading is defined as:
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ML0 ¼
Ndmd

qL1L2L03=2
; ð20Þ

where Nd is the number of droplets in the stream.
A reference length in the x3 direction must be specified to define a meaningful mass loading for

a 2D flow since the droplets are spherical. Following Miller (2001) we assume that the droplets are
initially distributed at the ‘‘nodes’’ of a hypothetical Cartesian grid in the 2D plane, in which case
the corresponding homogeneous 3D distribution would have the same droplet separation in the
third direction. The spanwise length scale L03 is defined to be this hypothetical separation distance,
which is determined by equating the assumed Cartesian particle grid area to the total area of the
laden stream:

NdL023 ¼ L1L2
2

: ð21Þ

Non-dimensional parameters also specify the chemical reaction. The Zeldovich number pa-
rameterizes the reaction activation energy: Ze ¼ E0=ðR0T0Þ, and the heat release parameter Ce
specifies the heat of reaction DH 0: Ce ¼ 
DH 0=ðCp;FT0Þ. With the above notation, the adiabatic
flame temperature (TF) is approximated by TF ¼ T0ð1þ CeÞ, where T0 is the initial temperature of
both streams in the mixing layer. Furthermore, the temperature dependent Damkohler number
(Da) is defined as the ratio of the characteristic time scale of the flow to the characteristic reaction
time scale: DaðT Þ ¼ KRðT Þdx;0=DU0.

4. Results

Table 2 summarizes the simulations conducted for the present study and provides all simulation
parameters. Cases 0–2 illustrate the effect of varying the mass loading ratio in the range of
06ML0 6 0:5. Case 3 utilizes a very small forcing amplitude (F �

2D ¼ 0:001) to study possible

Table 1

Property values of the species used in all simulations

Property Value

WO 28.97 kg (kgmol)
1

WF 142.0 kg (kgmol)
1

W �
P 57.574 kg (kgmol)
1

WV 142.0 kg (kgmol)
1

Cp;O 1043.8 J kg
1 K
1

Cp;F 2251.5 J kg
1 K
1

Cp;P 1947.7 J kg
1 K
1

Cp;V 2394.5 J kg
1 K
1

CL 2520.5 J kg
1 K
1

qL 642.0 kgm
3

TB;L 447.7 K

h0V 3.36� 105 JK
1

All species have equal thermal conductivities and mass diffusivities with Pr ¼ Sc ¼ 0:697 (�WP ¼ 40:412 kg (kgmol)
1

for Case 9).
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effects due to forcing (the mixing layer did not ‘‘roll-up’’ with F �
2D ¼ 0. The effects of the initial

Stokes number are demonstrated by Cases 4 and 5, as well as by Case 0 in the range
0:256 St0 6 12. The extent of the relative contribution of the evaporating droplets and the carrier
fuel gas to the combustion is explained by comparing the results from simulations Case 6 (non-
reacting droplets in carrier fuel gas) and Case 7 (reacting fuel droplets in non-reacting carrier fuel
gas) to those of Case 0 (reacting fuel droplets in reacting carrier fuel). Case 8 replaces the carrier
gas in Stream 2 with the oxidizer gas and thus investigates the combustion of only the fuel
droplets (note that for this simulation the initial gas phase mixing layer has zero density strati-
fication). Finally, the effect of increasing the reaction stoichiometric coefficient is explained by
Case 9 having r ¼ 4. We note here that the assumption of cluster burning made in the in-
troduction may not be as reasonable for Cases 7 and 8 in that these flames may show more
propensity for enveloping flames to occur around individual droplets. However, no such nu-
merical approach exists for accounting for this type of flame and the results of these simulations
should therefore be considered with some degree of caution. Further research is required in this
area before the extent of impact of the cluster burning assumption can be more properly quan-
tified.

The remaining initialization parameters are fixed for all the simulations. The uniform tem-
perature in both streams is T0 ¼ 447:7 K; i.e. the normal fuel boiling temperature. The spiked
ignition temperature is chosen to be TF;0 ¼ 935 K. The convective Mach number is Mc ¼ 0:35 and
the flow Reynolds number is Re0 ¼ 450. The heat release parameter is Ce ¼ 3 (TF ¼ 1790 K) and
the Damkohler number evaluated at the adiabatic flame temperature is chosen to be DaðTFÞ ¼ 10.
For the dispersed phase in all simulations, the droplets are initially randomly dispersed throughout
the carrier stream with specified size. Also, the droplets initially have zero slip velocity and zero
slip temperature. The initial droplet temperature is chosen to be equal to the surrounding (sat-
uration) temperature such that the gas and liquid phases are in equilibrium. All simulations are
conducted until a non-dimensional time t� ¼ tDU0=dx;0 ¼ 160 at which point the final pairing has
been nearly completed. Note that a pure saturated gas/liquid fuel stream is not meant to

Table 2

Initialization parameters: All cases have 512� 576 grid points and Mc ¼ 0:35, Re0 ¼ 450, DaðTFÞ ¼ 10, TF;0 ¼ 935 K,

P0 ¼ 1 atm, Ce ¼ 3:0, and r ¼ 1 (except Case 9)

Case Np ML0 St0 F �
2D Note

0 2.11� 105 0.5 2.0 0.1 –

1 0 – – 0.1 –

2 1.33� 105 0.25 2.0 0.1 –

3 2.11� 105 0.5 2.0 0.001 –

4 1.06� 106 0.25 0.25 0.1 –

5 0.22� 105 0.25 12.0 0.1 –

6 2.11� 105 0.5 2.0 0.1 Non-reacting droplets

7 2.11� 105 0.5 2.0 0.1 Non-reacting carrier gas

8 1.89� 105 0.5 2.0 0.1 Carrier gas¼O2

9 2.11� 105 0.5 2.0 0.1 r ¼ 4

Two-phase simulations are initialized with zero slip velocity (vi ¼ ui) and zero slip temperature (Tp ¼ T ). Case 6 has a

non-reacting dispersed phase, whereas Case 7 has a non-reacting carrier gas with a reacting dispersed phase. Case 8

replaces the carrier gas fuel with oxidizer.
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mimic actual combustor conditions. This condition is chosen only in order to simplify the anal-
ysis.

4.1. Flow visualizations

A qualitative analysis of the evolution of the mixing layer and flame development is introduced
in this section aided by flow visualizations. Figs. 2 and 3 present the droplet concentration and the
temperature contours at times t� ¼ 80 and 160 for the simulation Case 2. Inverse shading has been

Fig. 2. Contours for simulation Case 2; (a) droplet number density at time t� ¼ 80, and (b) temperature at time t� ¼ 80.

Fig. 3. Contours for simulation Case 2; (a) droplet number density at time t� ¼ 160, and (b) temperature at time

t� ¼ 160.
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used to highlight larger temperatures with darker shading. For all gray scale contour plots, the
maximum labeled contour indicates the maximum domain value. The dispersed phase in the form
of reacting fuel droplets displays two competing effects. The evaporization phase change of the
fuel droplets tends to decrease the gas temperature owing to latent heat effects, whereas
the evaporated fuel vapor from the droplets (in addition to the carrier fuel gas) contributes to the
reaction, potentially aiding combustion in the mixing layer. Miller (2001) showed that latent heat
effects from non-reacting droplets can cause local flame extinction in a similar reacting mixing
layer (see also the following discussion for Case 6). However, the present reaction is sufficiently
enhanced by the droplet fuel at all times such that local flame extinction is not directly apparent in
the flow visualizations (Figs. 2(b) and 3(b)).

Figs. 4 and 5 provide the product mass fraction and the evaporated vapor mass fraction
contours at times t� ¼ 80 and 160 for the simulation Case 2. At t� ¼ 80 the second set of pairings
is occurring. At this time, the preferential concentration of the droplets into the high strain braids
of the mixing layer is evident from the number density contours (Fig. 2(a)). However, the max-
imum temperatures are observed at places with maximum evaporated vapor mass fraction (see
Figs. 2(b) and 5, or Figs. 3(b) and 5(b)) since the evaporated fuel vapor increases the total amount
of fuel mass available and hence aids the combustion. This is verified from the product mass
fraction contours in Fig. 4(a). At the final simulation time of t� ¼ 160 the final pairing is nearly
complete. Any droplets unable to escape the burning vortices are completely evaporated as de-
picted by the number density and temperature contours (Figs. 3(a) and (b)).

A comparison of the temperature contours (Fig. 3(b)) and the product mass fraction contours
(Fig. 4(b)) for the final time illustrates that regions of high temperature are correlated with regions
of large product mass fraction. However, maximum temperatures (Fig. 3(b)) are again supported
by maximum evaporated vapor fuel mass available to aid combustion (Fig. 5(b)) as discussed
earlier with a maximum of TMAX ¼ 1794 K. In these regions along the periphery of the flame fresh
droplets continue to evaporate providing additional fuel to feed the combustion.

Fig. 4. Contours of the product mass fraction for simulation Case 2 at times (a) t� ¼ 80, and (b) t� ¼ 160.
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4.2. Effects of fuel and reaction stoichiometric coefficient

The effects of the fuel composition on the reacting mixing layer are analyzed for five flow
configurations: (1) fuel droplets in carrier fuel (base case), (2) single phase flame, (3) non-reacting
droplets in carrier fuel, (4) reacting fuel droplets in non-reacting carrier fuel gas, and (5) reacting
fuel droplets in carrier oxidizer. The effect of varying the reaction stoichiometric coefficient is also
considered by Case 9 with r ¼ 4.

The extent of local extinction is quantified with aFðvÞ, ‘‘the extinction factor’’, (Miller, 2001)
which is bounded by 06 aFðvÞ6 1 and signifies the relative fraction of the domain with ‘‘pre-
mixed’’ reactants having a non-dimensional temperature greater than v, where v ¼ ðT 
 T0Þ=
ðTF 
 T0Þ is the relative gas temperature between the ambient and the adiabatic flame temperature:

aFðvÞ ¼
RþL2=2

L2=2

R L1
0
Hðv0ð~xxÞ 
 vÞHðYOYFð~xxÞ 
 5:0� 10
5Þdx1 dx2RþL2=2


L2=2
R L1
0
HðYOYFð~xxÞ 
 5:0� 10
5Þdx1 dx2

; ð22Þ

where H is the Heaviside function and the product YOYF indicates the potential for chemical re-
actions to occur (see Eqs. (6)–(8)).

Fig. 6 presents the temporal development of the maximum temperature and the extinction
factor aF (v ¼ 0:1) for the flow configurations described above. Here, v ¼ 0:1, which corresponds
to a temperature of T ¼ 582 K, is chosen to estimate the proportions of reacting and non-reacting
fluid regions for the following analysis. The value v ¼ 0:1 was chosen following Miller (2001)
based on the reaction rate resulting at this temperature for the chosen Zeldovich and Damkohler
numbers as being sufficient to produce robust conversion rates.

At early times, both the peak temperature and the extinction factor are observed to initially
decrease for all cases (Fig. 6(a) and (b)). This ignition delay, and a corresponding decrease in the
initial peak temperature, can be attributed to the initially segregated fuel and oxidizer requiring
sufficient time for diffusional mixing prior to the commencement of combustion. Once combustion

Fig. 5. Contours of the evaporated vapor mass fraction for simulation Case 2 at times (a) t� ¼ 80, and (b) t� ¼ 160.
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begins, the reaction rate for the fuel droplets (Case 0) and for the single phase flow (Case 1)
configurations is higher due to a larger presence of mixed fuel and oxidizer, and a faster increase
in the peak temperature is observed for these cases (see Fig. 6(a)). The single phase case has the
highest reaction rate at early times as it is unimpeded by droplet latent heat effects, which is also
supported by a high extinction factor at all times. Case 0 closely follows the single phase case after
the ignition delay due to the presence of the fuel droplets which also contribute to the reaction.
Hence a faster increase in the peak temperature is observed as opposed to the non-reacting
droplets case (Case 6) which has a comparatively much larger ignition delay (t� ¼ 60). This delay
in ignition for Case 6 allows for an eventually enhanced diffusional mixing of the reactants,
followed by a relatively robust combustion. A final time peak temperature of TMAX � 1790 K is
observed for Cases 0 and 1.

Case 9, with a reaction stoichiometric coefficient of r ¼ 4, has a much longer ignition delay
(t� � 70). The delay in ignition can be attributed to a longer time required for the mixing of re-
actants in order for a strong combustion to take place due to the larger amount of oxidizer re-

Fig. 6. Temporal development of (a) the maximum temperature, and (b) the extinction factor.
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quired to react with the fuel (4:1). However, due to increased concentration of the mixed reactants
caused by the ignition delay, once begun, combustion proceeds vigorously (Fig. 6(a)) and a peak
temperature of TMAX ¼ 2162 K is observed for Case 9. As indicated by Fig. 6(b), Case 9 is
characterized by a very localized flame with relatively large portions of mixed reactants remaining
quenched for the duration of the simulation. A corresponding rapid growth of the product
thickness is also observed due to the ignition delay for Case 9 (see Fig. 7(b)).

Case 7 employs a non-reacting carrier fuel gas configuration, whereas Case 8 replaces the
carrier fuel gas with oxidizer. In both cases, the droplets are the only source of fuel for combustion
in the flow. Two primary differences distinguish Cases 7 and 8. Firstly, for Case 7 the density
stratification of the base simulations is retained, whereas Case 8 has no density stratification in the
initial gas phase. Secondly, the carrier fuel for Case 7 (though non-reacting) retains the ther-
modynamic saturation of droplets in the free stream, thereby impeding droplet evaporation. As

Fig. 7. (a) x2 profile of the average product mass fraction, and (b) temporal evolution of the normalized product

thickness.
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indicated by Fig. 6(a) and (b), both Cases 7 and 8 fail to achieve robust combustion with very low
peak temperatures due to insufficient fuel mass available for combustion, as well as by the dilution
of reactants by the non-reacting carrier fuel (Case 7). This feature is supported by temporally
decreasing extinction factors (Fig. 6(b)); suggesting the primary contribution of the carrier fuel
gas on efficient combustion for the conditions of the present study. However, the final time peak
temperature of Case 7 (690 K) is higher than that for Case 8 (506 K) as observed from Fig. 6(a).
This feature is attributed to a relatively large evaporation of the decane droplets for Case 8 owing
to saturation effects for Case 7; the carrier fuel gas being decane.

Fig. 7 presents the final time x2 profiles for the average product mass fraction and the temporal
development of the normalized product thickness for all cases. The maximum product mass
fraction (hYPi � 0:76) is observed for the single phase case at the center of the reacting mixing
layer (Case 1; Fig. 7(a)). This is attributed to the absence of the evaporating droplets and their
associated latent heat effects as discussed earlier. The fuel droplets case (Case 0) and the r ¼ 4 case
(Case 9) both display relatively large product mass fractions due to the presence of fuel droplets
contributing to combustion. However, a very low product mass fraction is observed for Case 7
(non-reacting carrier fuel gas) owing to the dilution of the reactants by the non-reacting carrier
fuel gas discussed above. The broad x2 range of values of the product mass fraction for the r ¼ 4
case (Case 9) signifies a more intense vortical rollup as compared to other cases allowed by the
delay in ignition. The product thickness remains low at early times for this flow due to the
aforementioned delay in ignition (see Fig. 7(b)). This ignition delay aids the pre-mixing of reac-
tants and hence a rapid escalation of the product thickness is observed for later times (Fig. 7(b)).

Fig. 8 presents the final time (t� ¼ 160) temperature contours for the fuel droplet (Case 0) and
the non-reacting droplet (Case 6) simulations. Local extinction is clearly evident for Case 6 for
which the droplets contribute latent heat effects, but not added fuel. Even at the final simulation
time, a well defined layer of extinguished fluid resides between the two primary vortices (Fig. 8(b))
since the reaction rate is too slow to overcome the effects of the cooling in the braids of the mixing
layer caused by the preferentially concentrated droplets. However, for Case 0, the reaction is

Fig. 8. Temperature contours at t� ¼ 160 for (a) Case 0 (fuel droplets), and (b) Case 6 (non-reacting droplets).
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sufficiently strong to prevent local flame extinction in the braids of the mixing layer due to the
presence of the fuel droplets.

4.3. Effects of mass loading

The effect of the mass loading ratio is analyzed for three different configurations: Case 0
(ML0 ¼ 0:5), Case 1 (single phase flame; ML0 ¼ 0), and Case 2 (ML0 ¼ 0:25). Fig. 9 presents the
temporal development of the maximum temperature and the extinction factor for the above
configurations. It is observed that, until t� � 50, both the maximum temperature and the ex-
tinction factor decrease with the addition of more droplets due to their finite thermal inertia and
associated latent heat effects. However, the final time peak temperatures and extinction factors are
comparable for the considered configurations. Miller (2001) studied the effects of non-reacting
droplet loading on a reacting mixing layer and observed large differences in the trend of the peak
temperature temporal development. These differences were attributed to the droplet thermal

Fig. 9. Temporal development of (a) the maximum temperature, and (b) the extinction factor.
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inertia and the corresponding tendency of the droplets to cool the surrounding fluid. However, in
the present results, the presence of a reacting dispersed phase tends to decrease the difference in
the peak temperature temporal development for various mass loadings due to the competing
influence of added fuel mass available for combustion.

4.4. Effects of the Stokes number

This section investigates the effects of the initial droplet size, quantified by the initial Stokes
number, St0. All earlier discussed configurations employ a moderate Stokes number of 2.0. Here,
the effects of the Stokes number are analyzed for small (St0 ¼ 0:25), moderate (St0 ¼ 2:0), and
large (St0 ¼ 12:0) droplets for a fixed mass loading of 0.25. The temporal development of the peak
temperature and the extinction factor are presented in Fig. 10. The changes in the initial Stokes
number do not significantly affect the growth rate of the mixing layer as observed by Fig. 10.
These results are in agreement with earlier findings for non-reacting particles and droplets (Miller,

Fig. 10. Temporal development of (a) the maximum temperature, and (b) the extinction factor.
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2001; Miller and Bellan, 1999). However, at intermediate times, for large droplets (St0 ¼ 12:0), the
peak temperature is observed to be relatively higher (see Fig. 10(a)) as compared to the small and
moderate Stokes number cases. This feature can be attributed to the relatively large droplet size,
since large droplets do not closely follow fluid motions and hence are less entrained in the mixing
layer. The reduced entrainment allows local portions of the flame to burn with relatively low
droplet (latent heat) content, achieving locally high temperatures. However, the droplets that are
present in the flame initially have a relatively long lifetime due to their increased size. These
relatively long-lived droplets extend the duration over which their latent heat affects the flame
structure of the braid regions; thereby resulting in lower extinction factor for both early and
intermediate times.

4.5. Effects of forcing

The effects of the forcing amplitude on the mixing layer growth and configuration are studied
for two forcing amplitudes (Famp ¼ 0:1 and Famp ¼ 0:001) in order to investigate the extent to
which the results may be affected by the forcing. The Famp ¼ 0:001 case is compared with the
Famp ¼ 0:1 at a time when it develops the same final time momentum thickness (t� ¼ 340). An
additional case having Famp ¼ 0 was also conducted, but did not result in vortical rollup (not
shown). Fig. 11 displays the temporal development of the peak temperature and the extinction
factor for both cases. Employing a higher forcing amplitude in the flow configuration is observed
to hasten the growth of the mixing layer. However, the qualitative mixing layer statistics are
preserved (Fig. 11) and the final time peak temperatures as well as the extinction factor values are
observed to be nearly equal. This suggests the validity of using relatively high forcing amplitudes
for the present mixing layer configuration. An examination of other flow parameters supports this
observation (not shown). However, some quantitative statistical differences are observed from
Fig. 12, which elucidates the cross stream statistics of the average product fraction and the av-
erage gas temperature. Higher forcing amplitude is observed to result in a higher average product
fraction (Fig. 12(a)) and a higher average gas temperature (Fig. 12(b)). An increased convolution
of the flame surface in the presence of forcing enhances ‘‘turbulent’’ mixing and combustion ef-
ficiency resulting in the observed trends.

4.6. Probability density function analysis

The statistical distribution of the mixture fraction is considered to provide a quantitative
analysis of the mixing. Fig. 13(a) depicts the probability density function (PDF) of the mixture
fraction as a function of the cross stream direction x2, and Fig. 13(b) provides the PDF of the
mixture fraction at the center of the mixing layer (x2 ¼ 0) at the final simulation time (t� ¼ 160)
for Case 0. The mixture fraction, defined as / ¼ ð1þ YF 
 YOÞ=2, Miller and Bellan (1998) is a
conserved scalar variable independent of the reaction rate (for non-heat releasing chemistry) and
of the evaporation source term. As indicated by Fig. 13(a), the probability of finding mixed fluid
in the reacting mixing layer varies in the range 
106 x2 6 þ 10. The probability of finding pure
reactant species at the center of the mixing layer is zero as indicated by Fig. 13(b). The PDFs
presented in Fig. 13 are consistent with the findings of Miller et al. (1994) for ‘‘pre-transitional’’
flows. They illustrated the cross stream variation of the mixture fraction PDF for pre-, mid-, and
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post-transitional flows for a three-dimensional reacting mixing layer and found that turbulent
flames are characterized by largely enhanced probabilities of mixed fluid regions. However, the
present results are for 2D mixing layers which cannot undergo true transition to turbulence and
therefore do not produce large probabilities associated with truly turbulent flows.

Fig. 14 presents the mixture fraction PDFs for the r ¼ 4 (Case 9) configuration. In comparison
with the PDF for Case 0 (see Fig. 13), it is clearly evident that the range of probability of finding
mixed fluid is approximately doubled varying in the range 
206 x2 6 þ 20 (Fig. 14). This signifies
a more intense vortical rollup and hence relatively better mixing based on the delayed ignition
described previously. The centerline PDF in Fig. 14(b) confirms this increased mixing efficiency
due to its more ‘‘compact’’ distribution around the / ¼ 0:5 perfectly mixed value in comparison
with Fig. 13(b). However, in spite of the fact that the probability of finding pure oxidizer (/ ¼ 0)
is zero at the center of the mixing layer, the probability of finding pure fuel vapor (/ ¼ 1) is
significant (see Fig. 14(b)). This indicates that the relatively intense vortical rollup continues to
entrain fuel into the mixing layer, with insufficient oxidizer for complete combustion to occur.

Fig. 11. Temporal development of (a) the maximum temperature, and (b) the extinction factor.
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Fig. 12. Cross stream profile of (a) the average product fraction, and (b) the average gas temperature at t� ¼ 160.

Fig. 13. PDF of the mixture fraction for the simulation Case 0 at t� ¼ 160; (a) PDF vs. x2, and (b) PDF at the center of

the mixing layer (x2 ¼ 0).
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The PDFs of the product mass fraction for Cases 6, 9 and 7 are displayed in Fig. 15. As ob-
served earlier, Case 7, employing a non-reacting carrier fuel gas, fails to achieve combustion
signifying the primary role of the carrier fuel in combustion. As indicated by Fig. 15, the prob-
ability of finding zero product mass fraction is maximum with zero probability of finding
YP P 0:25. Case 6, which employs a non-reacting droplet phase displays a relatively higher
probability of finding product mass at the center of the mixing layer. However, the probability of
finding YP P 0:75 is zero for Case 6. In contrast, the r ¼ 4 case displays relatively high probability
of finding product mass, with a significant probability of finding pure product (YP ¼ 1).

5. Conclusions

Numerical simulations of fuel droplet laden reacting mixing layer diffusion flames were con-
ducted considering an irreversible and exothermic reaction of the form Fuelþ rOxidizer!

Fig. 14. PDF of the mixture fraction for the simulation Case 9 at t� ¼ 160; (a) PDF vs. x2, and (b) PDF at the center of

the mixing layer (x2 ¼ 0).

Fig. 15. PDF of the product mass fraction at the center of the mixing layer (x2 ¼ 0) at t� ¼ 160.
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ð1þ rÞProducts. The droplets were assumed to be spherical and to obey a modified Stokes drag
law. Both the carrier gas fuel and the liquid droplet properties were the same corresponding to
those of decane, while the carrier oxidizer utilized the properties of air. The droplet evaporated
vapor also contributed to the reaction aiding in combustion. The simulation parameters chosen
addressed the effects of fuel composition, the reaction stoichiometric coefficient, the mass loading
ratio, the initial droplet Stokes number, and the flow forcing amplitude.

The evolution and growth of the two-phase mixing layer was observed to be essentially inde-
pendent of the mass loading ratio and the droplet initial Stokes number. A quantitative analysis
was conducted to estimate the extent of the relative contribution of different forms of fuel to
combustion. The presence of a reacting dispersed phase was observed to reduce local flame ex-
tinction as opposed to a non-reacting dispersed phase displaying highly evident local flame ex-
tinction. The mixing layer configuration employing a higher reaction stoichiometric coefficient
was observed to display a much longer delay in ignition. However, due to this delay, better dif-
fusional mixing of the reactants was allowed and hence a more robust and organized combustion
occurred. Employing a high flow forcing amplitude was observed to accelerate the growth of the
mixing layer. Although there were some quantitative differences in the mixing layer statistics, the
qualitative statistics were preserved in comparison to a test case having negligible forcing am-
plitude.
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